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ABSTRACT: Inthis series of papers new results and a brief review of the current state of mean-field theories
of the condensed globular state and of the globule-to-coil transition in the 6-region for a linear, homogeneous,
noncharged macromolecule are presented. As a basis of our consideration, we use both Lifshitz’s theory and
interpolation Flory-type theory. Complete quantitative theoretical results are obtained and compared with
experimental data. In this paper (the second in this series) the macromolecule properties determined by the
pair density—density correlation function are considered. This function for a polymer globule is calculated
in the framework of mean-field Lifshitz’s theory. Using the correlation function, the hydrodynamic radius
of a macromolecule is found in the Kirkwood approximation. The value of fluctuations of the macromolecule
radius of gyration is calculated in the region of the globule-to-coil transition, which is connected with a sharp
change in the fluctuational regime. The existence of a maximum of fluctuations in the transition region is

shown.

1. Introduction

In the previous paper! we discussed the intraglobular
density distribution and corresponding experimentally
observable macromolecule characteristics, such as, first
of all, its radius of gyration. In the meantime, a lot of
important macromolecule properties depend also on binary
density—-density correlations. These are, in particular, the
fluctuation magnitude of the radius of gyration and the
hydrodynamic radius, which is often measured in inelastic
light scattering experiments.

An additional interest in the chain fluctuational prop-
erties in the globular state is to account for the main
difference between the globular and coil phases—this
difference is just connected with the fluctuational regime
(see refs 2 and 3 for more details).

2. Intraglobular Density-Density Correlation
Function

As is well-known and as was mentioned in our previous
paper,! the central core of a large enough globule looks
like a solution of independent chains with the same density
ng. Therefore, the correlation function of density fluc-
tuations in the large globule should be of the standard
Ornstein—Zernike type:

X, -X
®(X,,X,) ~ const + X, - X, exp [— -———l : R 2|] 1)

Here the correlation radius {is independent of the globule
size and coincides with the correlation length of the
polymer solution with ny concentration; i.e., {2 = (a?/6)-
(C/B?) (see refs 4 and 5 and Appendices B and C). As
usual, a stands for the link’s size, and B and C are the
second and third quasimonomer virial coefficients.

The expression in eq 1 is valid for a large globule core
only but not for a globule surface layer. Therefore, its
applicability breaks down in the globule-to-coil transition
region. For the globule at an arbitrary temperature,
including the globule-to-coil transition point, the intra-
globular correlator can be obtained as the static response
function using the following general statistical theorem:?
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(X, X,) = (n(X,) on(X,)) Taw(Xl) b0 (X,)
sn(X on(X
_ n( 1)=_T n( 2) (2)

Here on(X) = np(X) - n(X), np(X) is an instant value of
the polymer link density in the X point, the smoothed
link density n(X) = (np(X)) = 8F/é¢, and the broken
brackets mean an average over the thermodynamical
ensemble of chains. ¢(X) stands for the effective potential,
which is & conjugate to the density n(X). Since the free
energy functional F{¢} of the globular chain under the
action of an external field ¢(X) is just the key construction
of Lifshitz-type globule theory,? one may derive the
equation for the correlation function using this Lifshitz-
type approach. The derivation is performed in Appendix
A; however, the resulting eq A9 is rather tedious. Its
analysis in the volume approximation (Appendix B) yields
eq 1. Some simplifications can be reached using dimen-
sionless variables (Appendix C). We discuss separately
the results which can be obtained for different values of
physical interest: the fluctuation magnitude of the mac-
romolecule radius of gyration (section 3) and the hydro-
dynamic radius (section 4).

3. Magnitude of the Fluctuations of the
Macromolecule Radius of Gyration

3.1. Lifshitz-Type Approach for Globule Fluctu-
ations. We characterize fluctuations of the globule
gyration radius with the value [{(St*) — (Sr?)2)/{Sr?)?%,
where the instantaneous radius of gyration equals Sr =
[{(1/N)fnp(X) x2dX]1/2, where X is the radius-vector from
the globule’s centerand N = {nr(X) dX is the total number
of monomers per chain. Since

(8,22 = <%fnr(X) <2 c1x>2

= N2 [ (nyX D) (npXp)r, X, dX,  (Ba)
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and
2
s = (S = { [ mexr 2 ax]7)
= N2 (ny (X)) np(Xp)x, %, X, dX, (3b)

the difference between these two values is expressed
through the pair correlation function ®(X;,Xo) (eq 2):

s -ty [, Xy 1%, dX, dX,
(8%)* [fnX) 2* dX1?
where the smoothed density spatial distribution n(X) =

{np(X)) has been calculated in the previous paper.!
Analysis of the expression in eq 4 is essentially simpler
than that of the correlation function ® itself. Nevertheless,
this analysis is also rather complex; we put it into Appendix
D. Here we formulate the following main results:
(i) The dimensionless version of eq 4 can be written in
the form

4)

(8H-(S*® +/C
o 350 (5)

where the ratio v/C/a? is a characteristic of the polymer
chain rigidity.! s(t) is the complex integral expression
(see Appendix D), but it depends on the single value of
the reduced temperature only:

p=NB_ T-0pup

CV4(a?/6)Y/* o)
(T'stands for temperature). The expressionineq 5 proves,
in particular, the fact that the globule fluctuation mag-
nitude decreases with an increase in the polymer rigidity
(i.e., with a decrease of the V/C/a3 parameter). On the
qualitative level this fact was formulated in refs 2 and 3.

(ii) The poor solvent asymptotic behavior when -t > 1
is s(t) ~ 5.6t°2,

(iii) We have calculated numerically s(t) function
behavior in the range of smaller —¢ near the transition
point; the result is shown in Figure 1.

As was expected, the s(t) function grows sharply, when
the reduced temperature approaches the transition point,
and in this very point it reaches the value s(ti;) =¢ 3.5, so

that
S4 - SZ 2
( 182; ) ., =35VCa’ (7)

At the same time in the ideal Gaussian coil, according to
ref 7

6)

(<S‘> - ($H)?
(8%)?
Therefore, the fluctuation magnitude in the transition
point is greater than that in the Gaussian state for the

chainwithv/C/a3>0.08. Thisis the case for many flexible
polymers. For example, according to our estimations8 and
to those expressed in refs 9 and 10, for polystyrene
V/C/a® parameter equals approximately 0.1 + 0.2.

3.2. Chain Fluctuations in the Transition Region.
Our approach based on Lifshitz’s globule theory cannot
be applied to the coil state and cannot describe by itself,
without modifications, the whole transition area. In ref
1 we have shown that for rigid chains a two-level system
approximation is valid for calculation of the mean-square

) = 4/15 ~ 0.27 (€))
id
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Figure 1. Fluctuation values of the radius of gyration of a
polymer globulescaled by (V/C/a3)1vsthe ¢ parameter of reduced
temperature (¢t ~ NV/2(T - 6/6) near the transition point to the
coil state. The corresponding value of the expansion factor is

shown at the bottom of this figure. The dashed lines are the
results of volume approximation.

gyration radius (S2). Using this approximation, we have
found the simple interpolation expression for (S?). The
same approximation leads to an analogous expression for
(S4), and as a result we have the following formula for
fluctuations:

<S4) - (82)2 _ e'F/T r <Sglob4) - (Sglob2>2,e_F/T +

<S2)2 - (e_F/Tf32+ 1)2[ (Sg]°b2)2
Scoi4 _<Scoi2)2
gt + ‘<)S @ 1)+(62-1)2] ®

where 2 = (Sgb?)/ (Scoit?); (Sgiob?) and (Seou?) are mac-
romolecular mean-square radii of gyration in globular and
coil states, respectively. The difference between free
energies of the globule and the coil F was calculated in ref
1. The last term in the righthand side of this expression
corresponds to macromolecular fluctuations between
different states (levels), globular and coil, and it is this
very term which leads to the appearance of a maximum
of fluctuations in the transition region.

The interpolation expression in eq 9 is valid for rigid
chains only, because just for that case we expect the
bimodal distribution in the transition region,! and this
very form of the distribution is the basis of the two-level
approximation.

3.3. Flory-Type Interpolation Theory for Chain
Fluctuations. To analyze the fluctuations of the mac-
romolecular radius of gyration in the region of the globule—-
coil transition, we can also use the Flory-type interpolation
approach, developed in ref 10 and already discussed in
the previous paper.! We reiterate that this approach is
based on treating the free energy of a polymer—solvent
system as a whole interpolation expression of one variable
only—the expansion factor a of the gyration radius S (eq



1982 Grosberg and Kuznetsov

23 in ref 1):
Fla) _ o et w
T = a“+1n (o) + " + " (v =~ 9/4) (10)

where in accordance with the discussion in ref 1 the
parameters are chosen as follows:

u = 0.2836(VC/a®?, w=38.5454(VC/a®? (11)

The mean values of the expansion factor can be
calculated from the definition

© - k
fo ofe F/Tda]I/
© _F/T
J:) e do

Using the saddle-point approximation, i.e., the Taylor
expansion of the F(«) function near its minimum point,
one can obtain the following simple result:
() - (8D _ ((@*=(a®)?) ( ot ﬂ)lL _

(S2)2 (a2>2 - 4Tda2 =a,

(k=

3(3 a2 + Bwa, S (12)

Here the “saddle-point” value oy is defined from the
condition of the free energy minimum

3 - -3

and it is, of course, just the equilibrium value of « (eq 24
in ref 1).

The result of eq 12 is valid, at least qualitatively, for a
flexible enough chain only, namely, for the case where w

> 4/799 OF v/C/a®> 0.04. The righthand side of eq 12 has
a nonphysical singularity in the opposite case, when the
globule-to-coil transition looks like the first-order phase
transition and when the Flory-type approach predicts the
discontinuous dependence of the ap value on reduced tem-
perature ..

For flexible macromolecules with V/C/a3 < 0.04 the
expression in eq 12 predicts the maximum of fluctuations
at the reduced temperature point ¢mar fiuct Which can be
determined from the equation

(tas frue) = OW)* = 2.377(VC/a®)/?

The result is illustrated in Figure 2, where the depend-
ence of eq 12 and the corresponding dependence of ag on

tese are shown for V'C/a? = 0.1.

3.4. Discussion. Thus, we have arrived at two inter-
polation formulas for the description of the fluctuation
magnitude of the radius of gyration in the whole region
of the globule—coil transition: the expression in eq 9 is

correct for rigid polymer chains (approximately v/C/a? <
0.04), and the expression in eq 12 is valid for flexible chains

(VC/a3 = 0.04).

The difference between forms of these two equations
reflects the difference in the physical picture of the
transition:! the bimodal distribution function and the cor-
responding idea of a two-level system are inherent for rigid
chains; the more smooth type of transition with the mono-
modal distribution is the case for flexible chains. The
great fluctuations in the rigid chains correspond physically
to the spontaneous jumps between the globular and coil
states; it is just the typical mechanism of the so-called
heterophase fluctuations. On the other hand, great
fluctuations in a flexible polymer are caused by a growth
in the width of the single peak of the monomodal
distribution; this mechanism is analogous to the one for
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Figure 2. Dependences of fluctuation values of the macromol-
ecule radius of gyration and its corresponding expansion factor
vs the to; parameter of the effective reduced temperature in the
globule-to-coil transition region. These results were calculated

using the Flory-type theory when VC/ad = 0.1.

the fluctuations near the critical point or the second-order
phase transition. In spite of that essential difference in
the physical picture, the qualitative behavior of the
fluctuation magnitude is practically the same in both these
cases.

As is seen in Figures 1 and 2, both approaches yield
quite close results for the fluctuation magnitude in the
globular region and predict the presence of a maximum
of fluctuations in the transition region. Of course, the
existence of this maximum could be expected: whatever
the true mechanism (order) of this transition might be,
the function of the system distribution in phase space
expands near it; i.e., fluctuations get access to states of
rather different sizes (close to the coil and globular states,
respectively), and the magnitude of the fluctuations
reaches its maximum. Such a maximum was observed in
a real experiment!! and in computer simulation.1?

4. Hydrodynamic Radius of a Macromolecule

In experiments with isolated macromolecules suspended
in dilute solution, not only the radius of gyration but also
another parameter of expansion—the so-called hydrody-
namic radius Ry—are usually measured. Ry can be
measured in viscosimetric and in inelastic scattering
experiments because the very size of the macromolecule
characterizes its friction when it moves through the
medium of a liquid solvent. If the diffusion coefficient of
the macromolecule equals D and, correspondingly, its
friction coefficient is f = T/D, thenits hydrodynamic radius
can be defined via the relation

D = (T/6mn){Ry ") (13)
where n stands for the solvent viscosity. Due to the well-
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known phenomenon of hydrodynamic interactions, the
friction of the chain monomers is nonadditive; i.e., the
value of f = T/D ~ Ry is not proportional to the chain
length N. For the polymer coil the hydrodynamic radius
Ry scales as the gyration radius; i.e., it is proportional to
N1/2 for the Gaussian coil and to N for the swollen coil.1?
These facts are usually described by the Kirkwood-Rise-
man theory,!? which leads for Ry to a relation of the type

(R ~ N2Y (X, - X, ~
ms=n
(np (X)) np(Xy))
N} {—————dX, dX, (14)
ff X, - Xyl P

This expression is often considered to be the exact
definition of the hydrodynamic radius. However, when
the physical definition (eq 13) is used, then the Kirkwood—
Riseman formula in eq 14 becomes rough and its accuracy
is on the order of a slowly changing constant numerical
coefficient.!*

The Kirkwood-Riseman theory is based on the sup-
position that all monomers are equally bathed by the
solvent. Naturally, itisnot the case for anon-free-draining
chain, especially for a dense globular chain. For example,
if the density nr(X) is uniformly distributed in a sphere
of radius R and it does not fluctuate, then the Kirkwood-
Riseman expression gives Ry = (5/6)R instead of the correct
result for a solid sphere, Ry = R. This coefficient 5/ #
1 characterizes the accuracy of the Kirkwood-Riseman
theory. Nevertheless, we use this theory and the expression
in eq 14—because we simply do not know what would be
better. At the same time we are ready beforehand to get
an accuracy on the order of 1 - 5/ & /g or 17%.

4.1. Hydrodynamic Radius of a Slightly Com-
pressed Coil. For the Gaussian coil the Kirkwood-Rise-
man expression gives, as is well-known (see, for example,
ref 15)

. 2N N ) o -3/2
(RH')M=N“ZZ gwalz—ﬂ X

=0 ;=0

=8(_ 8 \*  _ix_
=) e=x-xp (15)
For aslightly perturbed coil the value of the hydrodynamic
radius was originally calculated in ref 16. Here for our
purposes it is of importance to formulate the results using
renormalized virial coefficients of quasimonomers (just
as has been done for the radius of gyration in the previous
paper of this series!). To do 50, it is convenient to rewrite
eq 14 in the form
-1 min 3

Jrz (o | ) dR

min 3
f Z(O |R) &R
where R,,, is a distance between the chain links of a
polymer with numbers m and n.

m|n
Z (o I R )
is a partition function of the chain which has a link with
number m in the zero point and a link with number » in

the R point. Omitting some simple but cumbersome
computations (for a detailed discussion on the method of

(Ry) = N‘mem,;b = sz =

Quantitative Theory of Globule-to-Coil Transition. 2 1983

0.91 (a)

0.7 }

0.5

0.6 L (b)

t

o] A 2 iy Y " 1

Figure 3. Functions k,(¢) and h,(t) determining the expansion
factor of the polymer globule hydrodynamic radius (eq 16). The
h; function was calculated using the smoothed density distri-
bution, while the h; function was calculated using the density

pair correlation function. When VC/a® « 1, the h; function
makes the main contribution tothe expansion factor. The dashed
lines correspond to the volume approximation.

this kind of calculations, see Appendix B of the previous
paper in this series!), we give the final result for the
expansion factor, obtained in the first order of the
perturbation theory:

R, 3/2
ay = # =1+ (iz) 2BNY2 x
eoll (RH )id zﬂ'a

350 1n8)-4] o 1- 01000 XE)
[2(8 Ing)-4] ~1-0.1049 &) 18

4.2, Hydrodynamic Radius of a Globule. Forglobule
theory it is convenient to divide the expression in eq 14
into two terms, because

(np(X) np(Xy) = nX)) nXy) + X Xy (17

in accordance with the correlator ® definition (eq 2). The
first term is defined by the smoothed density distribution
n(X); it has been calculated in the previous paper of this
series!; the second term depends on the correlation function
&(X1,X;). The results of the present work lead to the
following expression for the expansion factor of the
macromolecule hydrodynamic radius (see Appendix E):

R. -1/2
a_ (Bgh) =(§) [hl(t)+\:—§h2(t)] (18)

aH =
lob -1
b Ry )

Here both h,(t) and hy(t) are functions of one dimensionless
parameter ¢ only, introduced by eq 6. These dependences
are reported in Figure 3.

4.3. Hydrodynamic Radius of a Macromolecule in
the Globule-to-Coil Transition Region. Omitting the
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Figure4. Expansion factor of the macromolecule hydrodynamic
radius vs the t parameter of the reduced temperature for a flexible
chain, when V/C/a® = 0.15 (curve 1), and for a rigid chain, when
v/C/a? = 0.01 (curve 2).

reasoning from the previous paper in this series! we
reiterate that for rigid macromolecules the polymer-
solvent system in the region of the globule—coil transition
can be treated as a two-level system, where the ratio of the
populations on the coil and globular levels is exp(F/T).
The difference in the free energies of the globule and the
coil F, which is a function of t and oy is

ay ' = [exp(F/T) + 1]'1a}_lm“1 +
[exp(-F/T) + 117'ay_"' (19)

For more flexible macromolecules this kind of inter-
polation is incorrect and the notion of transition order is
not generally adequate. But in reality in this case eqs 16
and 18 present a sufficiently complete (in the limits of
accessible accuracy) idea of ay(t) dependence in the whole
transition region, and there is no need to introduce any
special interpolation expressions for this dependence.

In Figure 4 calculated plots of ay vs ¢ for various values
of V/C/a3, i.e., for both rigid and flexible polymer chains,
are reported. To make it more obvious, the results, cor-
responding to the globular and coil states of one flexible
macromolecule, are connected by a broken line.

Appendix A: Equation for the Pair
Density-Density Correlation Function of a
Globule

Inthis appendix the equation for the correlation function
is derived in the standard way!? in the framework of a
self-consistent-field approximation. In thisapproximation
the density distribution inside a polymer globule can be
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described by Liftshitz’s equations.2 For our purposes it
is convenient to suppose the existence of external field
@(X), which acts on the monomers of a polymer chain
together with self-consistent field u*(n). If so, then Lif-
shitz’s coupled equations can be written in the following
form: .

gy =y exp(“——-—* +7‘f - )‘) (A1)
¥ exp(u* + o)
= N- (A2)
" f ¢ exp(F*Tﬂ) dX

Here the normalizing condition fn(X) dX = N for the
smoothed density n(X) is realized automatically, function
¥(X) can be considered as an eigenfunction, the value of
the A parameter is determined by the solution of these
equations, and T stands for temperature. 2is the integral
operator, characterizing the “linear memory” of the chain:

2y = [g(X-X) (X)) dX’

8(X-X’) stands for the probability of two neighboring link
positions at the spatial distance [X - X’| from each other.

In accordance with eq 2, a change in the link density
distribution is the response to a change in the external
field:

n(X) = - % [8X,X) 50(X) dX’ (A3)

The form of expression in eq A3 clarifies the following
standard calculation procedure for the correlation function
on the basis of eqs Al and A2. A certain small addition
de(X) is made to an external field ¢(X), and then
perturbation of the whole system caused by the addition
is considered. Assuming that the d¢(X) value is small in
each point of the system, we make all calculations in the
first order with respect to the perturbation. In this case
eq Al transforms into

* _ -
L(5¢)=WGXD(M +7:f A)éu*+;¢ oA (Ad)

where linear operator L equals

- u*+ - A
Leg-exf 2
so that Ly = 0 is in accordance with eq Al.

The choice of the 6\ value must ensure the existence of
a solution of eq A4. Since L stands for the Hermitian
operator and the corresponding equation Ly = 0 has the
nontrivial solution ¥(X) (just this solution describes the
globule density distribution and has been presented in
the previous paper in this series!), then in accordance with
Fredholm’s theorem, eq A4 is solvable if and only if the
right member of this equation is orthogonal to Y(X). This
condition with account of the formula in eq A2 means that

BA = 1%, f Gu* + do)n dX (A5)

We introduce the functions ¥(X;, Xz and Q(X) by
analogy with eq A3:

WX) = [ XX s(X') dX’

o\ = [aX") sp(X) dX’
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Since eqs A4 and A5 are valid for an arbitrary small
perturbation é¢(X), then they can be transformed to

4o -\
LwX, X 2)—% (w)[a(xl—xz)—
<I)(X1, 2) = ] (A6)

Ta

aXy = 2-mrfrdeX, Xy dX @A)

NNT

Here and from now on the subscripts 1 and 2 mean that
the function under analysis should be considered in points
X; and X, respectively, while L, operates on the function
of the first variable, X;.

Similar transformations will make eq A2 look like

0
Q(xl' 2) K{” [1 ul é(xpx2) 6(X1"X2) -

2fxlf(xl,xz)] } 48)
1

where operator K for the arbitrary function £(X;,Xp) is

n
RiEX, X)) = X, Xp) - 1 [ X, Xy dX,

It must be noted that Kn(X;) =0

We can obtain an equation for the correlation function
$(X1,X3) of the monomer density, excluding from eqs A6
and A8the function ¥(X;,X5). Inthisequationitisaiready
possible to omit the auxiliary external field ¢(X) =

‘Pl( n, op,* ) ]
Ll[n_l 1_T an, 2(X,Xy)
#1*—>\) 19
201 exp( T )T an,

X, - a(xl—xz)] - ¥l 3(X,-X,) (A9)

Here n(X), y(X), and X are the results of the solution of
coupled equations Al divided by A2, considered in ref 1.
Function Q(X) is determined from the condition in eq A7.
Wenote that the correlation function ®(X;,X5) is obviously
of a symmetrical type

(X, X,) = #(X,.X,) (A10)

and it is under the condition of conservation of the total
link number in the macromolecule:

—dX,,X,) +

fex,Xpdx, =0 (A1)

Appendix B: Correlation Function of the Density
in the Volume Approximation

In the limits of volume approximation functions n, ¥,
and u* are constant inside a globule and equal to zero
outside a globule. In this approximation exp((u* — A\)/T)
=1,L =2-1,9%X) = n/N, and eq A9 takes the form

Lot - Dex, Xy = £2X, X, +

- %(g1 + D5(X,-X,) (BL)

where ¢ = (n/T)(du*/on).

We remind everyone that in the beads model, which is
used in the present case (the region of the globule—coil
transition is the region of universality, i.e., independence
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of the macroscopic polymer properties from a choice of
the concrete model), it is supposed that in a chain the
neighboring beads are connected to each other by a long
and absolutely flexible string. This means that the
operator 2 has a Gaussian nucleus:

-3/2 2
2 31X, - Xy
89X, X)) = (—wa ) fexp[—_—?‘-z—-o— X

The solution of eq B1 can be presented in the following
form:
n?

#(X,X,) = -1~ &a(xl—xz) -

on f e R XX qp
@r’ -9 oHre (1 4 2o
1-¢

(B3)

The integral in the right-hand side of this expression can
be presented in the form of infinite series

85X, X,) = n L n 5(X.-X,) +
p Ne 1+¢ 1

/
3n ad X, - Xl
Z{ 'cos — 1+
1ra2|X2 - Xll(]' - 62) 1=0 .\/2§
\
1/2 1/2.
472 X, - X
—] -1 exp| - — 1+
1n2 (1 + 6) ,\/2;
1 — € o
1/2 1/2
4%?
—_— +1 (B4)
2 (1 + e)
ln
1-¢
where
_ 1+ ¢-1/2
f=(6mi=) e
When [X; - Xj| 2 a in the infinite series of eq B4, only

the term with { = 0 plays the main role. In this case the
correlation function of the density has the following
standard Ornstein—Zernike-type asymptotic form:

(X, X,) =-

LT IS BT

xp[— %] (B5)

Appendix C: Equation for the Correlation
Function of the Density in Dimensionless
Quantities

The equation for the correlation function ®(X;,Xz) of
the monomer density can be simplified by virial expansion,
due to the smallness of the globule density. As was done
for calculation of the smoothed density,! we limit ourselves
by accounting the most essential pair and triple interac-
tions of quasimonomers only and in addition we neglect
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higher-order terms of powers of B%/C ~ 72 (r = (T - 6)/0).
Besides, it is convenient to use dimensionless quantities,
introduced in ref 1:

(i) radius-vector

(-B)

r= X—m (C1)
(ii) reduced temperature
_ NI/ZB
- C/*a/V/6)Y? (€2

(iii) parameter x so that A = u*(#1), where i = -xB/C
(iv) density

x*(r) = n(r)/f (C3)

(Here B and C stand for the second and third virial
coefficients of the interaction between quasimonomers,
and a is the root-mean-square spatial distance between
adjacent monomers.) In these notations the virial ex-
pansion for the self-consistent field u* acquires the form

u*/T = 2nB + 3n*C = (B C)xx*(2 - 3xx?
and hence M/T = -(B% C)x(2 — 3x) and (1/T)(0u*/dn) =
2B(1 - 3xx2).
We introduce also the dimensionless functions ®4(r,rs)
and Qq4(r) as

Q(xp 9 = Qd(rprz) =
-B 2
‘2’(63/2)7§[x(c | PR
2
ax) = 0, (©5)

Taking into account the form (eq B2) of the £ operator
and §(X;-Xj) = 6(r;-r3)t2(-B)/NC, eq A9 is transformed
as

{(4,32 3/2 for [ I, - P 2aerp
dr -
4BYC 4 x(r)

‘I’d(l’l,rz) ‘bd( 1» 2)
—_— - Q _
| ey } f(ry) By x(rp) Quxy)
x(rp) x| 4B ) [ X
“H’zATJ i AT e
where
f(x) = %(2 - 3x - 6% + 15xx*) (CN

It is easy to see that in accordance with the condition in
eq A7 the solution of this equation for 4 exists only if
Q4(r2) equals

dy(r,x) x2(xry)

dr +
x(r)

2
24(r) = 2 [ X001 - 3 (o) >
(C8)
It is noteworthy that the correlation function ®4(r1,rs)

is included in eq C6 only in the combination form
®4(r,ry)

) ruE)
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Hence, for function

BX( 2)

£0r 1y = Eryry) + 5

—(r r, rg)

the equation will take the following form:

C 4 B2 -3/2 | I
) ™ o] et - -

X%, -fa(rl-rz) (C9)

As has been said, in our designations the subscripts
correspond to the point numbers where the function is
put under our consideration.

The presence of a delta function in the right-hand
members of eqs C6 and C9 leads to a loss of smoothness
for the correlation function and for the function 5‘0’ at the
pointr; =r,. If E{?& did not show singularity in this point,
then the expression in braces in eq C9 with a precision of
smaller terms of powers of B2/C would have the form

(B/0)A£Y) (A stands for a Laplacian operator with
respect to r;). However, it turns out that such a trans-
formation is correct for a more common case as well. For

the function £} with the exception of a very small
neighborhood of the point r; = rs, we can write the
following:

£~ HES = x40, - Oa/0d@r)  (C10)

Below we estimate the area in the neighborhood of the
point r; = r; where eq C9 cannot be transformed into eq
C10. Let us assume (and the ensuing manipulations will
confirm the correctness of our assumption) that the area
of the neighborhood is very small indeed. Then with a
precision of much smaller terms of powers of B2/C it can
be considered that in this neighborhood x(r;) = x(rz) and
consequently f(r,) = f(r;). Using Fourier transformation,
the solution of eq C9 can be presented in the following
form:

Xk eikrl dk
exp(-k’BY/C) - (1 + (BYO)fy)

- B?
(0= @m0, B |

)_3x f e—ik(l’rn) dk
*C V exp(-k2B%/C) - (1 + (BYC)f,)

(C11)

Here x is the Fourier transform of x(r). This expression
could transform to a solution for eq C10 by changing

exp(-k2B%C) — 1 - k*B¥/C

in eq C11. Therefore, we need to ascertain a condition
under which this change is possible. For this purpose it
is convenient to present the integral in eq C11 as the infinite
series like in eq B3. So we write

1

e HBYC _ a1+ (BZ/C)fg)
1+ BYOfY™

1
20 1]
1- (1 + (BYC)f,)e"B/¢
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and

e—ik(rz—rl) dk

1-(1+ (Bz/cm)e“’“/ ¢
2
~(B¥C)!

|r2 " ;{COS i, - ryl(fo/ 2012 X
(1 + 4%2%(BYC)?f, Y% - 1)V2 expl-Ir, - ry|(f/2)V/? X

(A + 422%(BYCY %, HY? + 1YY
The change presented above is correct when here only the

term with i = 0 becomes essential. Indeed, under the
condition

e, -1 |2 -B/VC ~ -1 (7« 1) (C12)
all higher terms of the sum with i =

small.

Thus, under the condition in eq C12, eq C9 can be
presented in simplified form, as given in eq C10. Under
the same condition

1 are exponentially

£O(xr,,r,) = E(ry,ry) = By(r,r,)/X(T))

and the equation for the correlation function is directly
presented by the expression

®,(r,,
- 12y )2) = x(ry) By(rp) - %

r
The range of mapphcability of this equation is very small
in the region of the globule-to-coil transition, where || =
|T — ©6|/6 « 1. The expression in eq C13 should be
supplemented for a globule by the natural condition that
the correlation function decrease exponentially at infinity

(4] or |pg} = ).

(:2)6(r1—r2) (C13)

Appendix D: Calculation of the Fluctuation
Value of the Radius of Gyration of a Polymer
Globule

Here we will use the dimensionless quantities in eqs
C1-C5 of Appendix C and introduce a new dimensionless
function

- &,(r,ry)
xw = [= o dr, D1

Taking into consideration these designations, we can
present eq 4 in the form

(8% - (81" _¢2v/C J7x ) x() r dr o
(8h 2r o° [j::xz(r) r*dr)?

We used the condition of spherical symmetry of a globule,
which means, particularly, that both the x(r) function
and the newly introduced x(r) function depend on the
distance r = |r| between the point r and the center of the
globule only.

To determine the function x(r), there is not a special
necessity to solve eq C6 for the correlation function ®y-
(r;,r7). Having multiplied every member of this equation
by r2 and integrated by variable r;, we have

2\ -3/2 Ir— 2. -
gz{(41r3) fos] -2 e dro_x(,)}_

fr) xr) = x(r) (@ - r¥/x) + O(B%/C) (D3)
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where
W= f@d(r) ridr= t'2fx2(r) r’dr +
422 [ 330) [1- 3ex*(1x() dr (D)

It is noteworthy that the function x(r) is smooth, because
the singularity of the correlation function ®4(r,rs) in the
r; = r; point disappears when we integrate this correlation
function (eq D1). Taking into account only the leading
terms with respect to B%/C « 1, we can immediately
represent the expression in the braces of eq D3 as (B%
C)Ax(r) (for the linear memory operator, it corresponds
to 2 =~ 1 + (B%/C)A,; see previous appendixes):

[A~f(N]1x(r) = x(r) @ - r?/x) (D5)

We remind everyone that the function f(r) is determined
by eq C7, while @ is in fact an eigenvalue determined by
the condition of the existence of the solution of eq D5, i.e.,
by eq D4.

To complete the problem, it is necessary to formulate
boundary conditions proper to a globule. Taking into
account eq D1, we can write conditions of the following

type.
( )|r= ’ ( )lr——- ( )

At the same time the density function x(r) is under the
conditions!

atr=0: dx/dr=0, x =0

atr — o X =~ E%Q exp(-nt*r) =0 (D7)
where 7 = x(2 - 3x). The value k(t) was determined in the
framework of numerical calculations of ref 1 using the
following control condition of asymptotic behavior:

1dx

(x dr)
Inview of these facts, boundary conditions in eq D6 acquire
the following form:

di ~R(t) _p,
dr|r=o =0, [XTe_ﬂ ]If‘—’en —0 (D8§)

It is noteworthy that the property of the x(r) function,
resulting from the condition in eq A1l of conservation of
the total number of monomers in a chain, is

fx x(ndr=0 (D9)

At the beginning we consider fluctuations of macro-
molecular size in the simplest volume approximation. We
remind everyone that in this approximation inside the
globule, i.e., when x < Ry = (8N/4mng)!/3 (ng = -B/2C), or,
using dimensionless quantities, when r < Ry, = (3t2/2m)1/3,
we have x(r) = 1, » = 0.5, and so f(r) = 1. Outside the
globule, when r > R, we have x(r) = 0 and x(r) = 0.
Taking into account eqs D4 and D9, we see that & = (4x/
5t2)Ry,5 = (6/5)Ro,2. Thus we can write eq D5 in the new
form

o M2y

r—

[A-11x() = (6/5)R, - 2r*

The solution of this equation outside the small neigh-
borhood of the » = 0 point is the following:

X(r) = 2% + 12— (B/5)R, - 167R, *e”/r (D10

This solution corresponds to the conservation condition
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ineqD9. Substituting the x(r) function from eq D10 into
eq D2 for the fluctuation values of the polymer radius of
gyration in the volume approximation (|t| > 1), we have

<S4> - <S2>2 _ 63/2 8 _2\/6 _2\/6
e = 6 o BB
(§%)2 217 48 a3
However, as will become clear, if we use the volume
approximation (i.e., neglect all the globule surface energy)
for the calculation of the fluctuation values of the polymer
size in the neighborhood of the globule-coil transition
point, then we get a result that is considerably smaller
than the true one. Therefore, here we must calculate the
x(r) dependence directly from eq D5 with the boundary
conditions in eq D8.
Taking into account eq D4, we can rewrite eq D5 in the
following form:

(D11)

161rx

[A- fMIX0) = Z2x ) [ XL - Bex(ro)Ix(rg) X

ro? dry + [% J X ot dry - ’;] x(r) (D12)

It is convenient here to introduce the 3 parameter as
follows:

B= [ "3y [1-3xx2rlx(ro) 1y dr,  (D138)
Then the solution of eq D12 can be written in the form

x(r) = BxP(r) + x? () (D13b)

where functions x(V(r) and x@(r) are the solutions of the
following equations:

167>

[A-fOIxP) = =7 X (D14)

- 2
[A- frIXP () = [‘%’ ey rian-Cln @)

The value of 8 can be calculated after xV(r) and x®(r)
determinations:

[0 [1- 30X P ) r dr
1- j:xa(r)[l - 31X P () r dr

Boundary conditions in eq D8 take the form

‘3=

(D16)

dx(r) [ Srxlk
= =) const 8mx’R(E) | s
dr |0 0, x (r)| r 1272
dx?m =0, ¥ (r)| [const 2wk(t)
dr Jr=0 — 212
= k() 3r ] 1/2
2 4 .
J:) X (ro) rg” dro + 6x 171/2(211 o oni/? *r ) e " (D17

We obtain now the problem which is accessible for a nu-
merical solution. The result of its numerical solution is
presented in Figure 1.

Appendix E: Calculation of a Globule
Hydrodynamic Radius

For a hydrodynamic radius using the dimensionless
variables of eqs C1-C5 and taking into consideration eq
17, we can rewrite the above-discussed Kirkwood-Rise-
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man expression (eq 14) as

»? (\/6)‘” ’
61/ANY 2q]t? 3 X

[ffx (rl)x(rg)l dr, +

Iy~ 1y
Dy(r,,
(2)(63/2\\/—ff d(r1r2)d dr ](EI)

The first term in square brackets of thls expression can
be obtained from the results of the numerical calculations
of the previous paper in this series.! The second term,
which is determined by the correlation function, becomes
insignificant for highly rigid chains (VC/a3 « 1). In the
general case, however, it is necessary to calculate the value

(Ry') =

E0 = | [ Md , dr, (E2)

where the dimensionless correlatlon function ®4(ry,rs) is
determined by eq C13 (with the exception of a very small
area bounded by the condition in eq C12).

Ashas already been done, here we consider the previous
globule hydrodynamic radius in the volume approximation.
In this approximation eq B4 leads to the result

® _ P - B
(P = m -t (E3)
inside the globule. Thisresultisvalid under the condition
in eq C12, i.e., when |r; - ro| 2 —7. However, when -7 «
1, the area |r; ~ rof < —7 gives a negligible contribution to
the integral E(t); therefore

[ gl 2
27lr, — x

The dimensionless radius of the globule in the volume
approximation is Ry, = (3t%/2x)!/3. Since this approxi-
mation is valid when -t > 1, then R, should be considered

as a greater parameter. Therefore, the leading term of
E¢t)is

dr,dr,

e, -yl

E(t) ~

[ealrzi<Roy

E@t) ~ 482
Besides
ffx (rl)x (ry) r, dr, = drldrz__3_21r2R 5_
- 2= = 0
Ir, - xd eflefen 1~ Tl 1677
g(ISﬂw)l/a

Finally, in the volume approximation we have

(R —1> _2(61/4N1/2 )—1( ) [ (18 |t|)1/3

63 / 2_\/_Ta't|—l]
a

while expansion factor ay, taking into account eq 15, equals

(Ryda__ 40 |.1,3(\/_6)1/2
(RH_I) 61/4181/3 5/6' a®

1/2
3.76|t|‘1/3(—\£—§) (E4)

Near the globule-to-coil transition point the volume
approximation becomes ineffective. Besides, it is not
already possible to use the same simplification of eq C13

2374
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for the correlation function when we calculate E(t) (eq
E2), as has been done in the calculation of the fluctuation
values of the radius of gyration. We should remind
everyone here that, to determine the value of the fluc-
tuations, it was sufficient to know the function of the form
f®a(r1,r2) ro? dry only. We have derived the equation for
this function by integration of all terms of eq C13. This
integration led to a considerable simplification of the
equation in question. In the present case it is necessary
to calculate the function ®4(ry,rs) directly (or the function
£(ry,r) = ®4(r1,re)/x(ry)). According to eq C13, &(ry,ry)
has the following form:

AE(r,,r,) = f(r) E(ry,ry) = x(ry) Q4(rg) — [x(ry)/x18(r;—T,)

(E5)

Here f(r) is determined by eq C7, while eq C8 is correct
for Qq(r). This equation should necessarily be supple-
mented by the natural condition of the exponential
decreasing of £(r,,ry) whenr, — @ orrp— =, We look for
the solution in a form like eq D13b

E(ry,Ty) = Qu(r) EV(r) + E2(ry,xy)
where the function £{0(r) obeys the equation

2 1)
Lo 2 n=xn @)

The value of Qq4(r2) can be defined after calculation of the
functions £1(r) and £@(xr,ro):

x%(r) + 4 [ X3(P(L - 3 (M1EP (e, dr

- 42 [ 3L - 3 EV () dr

Since the globule has spherical symmetry, the function
¢@(ry,r2) depends on three scalar arguments only (instead
of two vectorial ones): r = rg, p = |r; - rg|, and y—cosine
of the angle between vectors rsand r; —ry. Therefore, the
equation for £@(r,p,v) can be written in the form (f p =
0)

Qa(ry) =

24(2) (2) 2¢£(2) (2)
204 f,%p— +1a- - 2] g =0
P Y ET
where r; = (2 + p2 + 2rpy)l/2.

Let us consider now additional conditions for eqs E6
and E7. As for the {(r) function, it is natural to assume
itsregularity at the r = 0 point and an exponential decrease
when r — . With respect to eq E6, this means that

20f ; 4 fO ]
r[1+ ST+ 00" | (E8)

where ap and b are constants. The condition of regularity,
when r — 0, makes it necessary to choose the solution with
bo = 0. Besides

V(Mg =ap+ [

20— = GXD(—nl/zr)[ k(f/)z (E9)

where n 8 x(2 - 3x), and k(t) is determmed according to
eq D7, while the a.. constant should be chosen in such a
way that it could satisfy the condition by = 0. The solution
£1(r) of eq E6 with all presented additional conditions
can easily be found numerically.

Equation E7 should be supplemented by the conditions
of the exponential decreasing of £2(r,p,v), when both r —
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® and p — «. It follows from eq E5 that in the p = 0 point
this function has the singularity

x(r) g PeiN1/2

EP ol = T — . (E10)

We may solve eq E7 independently for every value of
r 2 0. Taking into account the spherical symmetry of a
globule, it is sufficient to solve the problem on a half-
plane, which lies on one side of the diametric line, which
goes through the globule center and the r = r; point. This
line consists of two parts in different directions from the
r point, where v = 1. The form of eq E7 and the
properties of function £§@ allow us to calculate at first this
function along the diametric line in question, taking into
account the additional condition

E(z’l,ﬁl = (a.?/p) exp(-1'/p)

where constant a..'? is chosen from its correspondence to
eq E10. This choice can be demonstrated in more detail.
Using the expansion in a power series of p at p = 0

flr£p,o = () % of () + (B*/2f"(r) % ...

for the function £, we can write that

5(2)}1 _ao(z)[1+f(r) Z:i:f(r)p3+0( 4)] +

b (2) y
—‘;—[1 + [0 L0 064

Here ao'® and by® are constants. The value of a2 should
be chosen in such a way that

by = x(r)/4mx

which corresponds to eq E10 for {2 function.

The remaining part of the problem according to the
determination of the £2 function can be presented as eq
E7 with four boundary conditions. Two of them (at v =
#+1) are numerical solutions of the problem mentioned
above. In the limit p — 0 {2 does not depend on v, and
those values of the function £@, which was calculated at
the minimum deviation from the p = 0 point at v = %1,
cover an arbitrary v value as well. This forms the third
boundary condition, while the fourth one is the exponential
decrease at p — .

The correctness of the obtained results after all nu-
merical calculations can be controlled by the condition in
eq Al1 of conservation of the total number of monomers,
which in this case looks like

2Qd(r2),£:?(("1) gV rldr + J;:f_llx[(rzz + 02+
2rom1 2 (rpp,y) pP dp dy = 0

This very formula can be used for the calculation of Qa(r2)
instead of eq C8.

Now the determined function £(xr1,r;) can be used for
the E(t) value calculation in accordance with eq E2, which
can be presented as

E) = 87271940 [, [1x) £°¢r) p dp dy +
fm_f_lx(rl) EP(rypv) pdp Ayl ry dry

where r; = (122 + p2 + 2rgpv)Y/2. This means that here we
have all the necessary information to calculate the globule
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hydrodynamic radius Ry according the expression in eq
E1. Takinginto account eq 15, we can write the expansion
factor ay of the hydrodynamic radius with respect to the
Gaussian coil size

_ (RH_I) (\/6)_1/2[ Ve ]
1 = ———— = r—— h t + —_.h t
ay (RH_1>id a3 1( ) a3 2( )

Here hy(¢) and ho(t) are the functions of one dimensionless
parameter of the reduced temperature ¢ (eq 6) only:

3! 2? X (rl) X (rz)
ff dr, dr,

h(t) =
1 64 8|tP) T, - Ty

3/4 1/2.2
BB ) e
4ef?

The dependences of h(t) and h(t), which were obtained
in the present work, are shown in Figure 3.

hz(t) =
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